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Abstract. A brief review of recent results on asymptotic expansions of Feynman 
integrals on the mass shell in momenta and masses and their application to 2-loop 
calculations is presented. 



INTRODUCTION 

Explicit formulae for asymptotic expansions of Feynman diagrams in various 
limits of momenta and masses, with the large off-shell momenta, have been 
derived in the simplest form in [1-3] — see a review, from the point of view 
of 1995, in ref. [4]. (See also informal arguments in [5].) 

In this note, we present a brief review of recent results obtained for two 
typical limits with the large momenta on the mass shell: the limit of the large 
momenta on the mass shell with the large mass (in Section 2) and the Sudakov 
limit, with the large momenta on the massless mass shell (in Section 3). In 
particular, the presented explicit formulae provide coefficients at all powers 
and logarithms for two- loop diagrams in the Sudakov limit. 



LARGE MOMENTUM EXPANSION ON THE MASS 

SHELL 

Let us consider asymptotic expansion of a Feynman diagram F-^iQ, q, M, m) 
corresponding to a graph F in the limit when the momenta Q = 
{Qi, . . . Qi, . . .} and the masses M = {Mi, . . . M,, . . .} are larger than q = 
{qi, . . . qi, . . .} and m = {mi, . . . rrij, . . .}. We suppose that the external mo- 
menta are non-exceptional and that (Z^ie/ Qif ? subset of indices 
I. Moreover, let the large external momenta be on the mass shell, = Mj. 
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To obtain explicit formulae of the corresponding asymptotic expansion, a 
method [6,7] based on constructing a remainder of the expansion, written 
through an appropriate i?-opcration and using then diagrammatic Zimmer- 
mann identities have been applied in refs. [8,9]. The resulting explicit formula 
looks like 

Mj- 00 

Fr{Q,M,q,m;e) ^ E-^7^r(g,M,£,m;e) . (1) 

7 

The operator JA^ happens to be a product Hi -M-yi of operators of Taylor 
expansion in certain momenta and masses. For connectivity components 7^ 
other than 70 (this is the component with the large external momenta), the 
corresponding operator performs Taylor expansion of the Feynman integrand 
F^. in its small masses and external momenta. The component 70 can be 
naturally represented as a union of its IPI components and cut lines (after 
a cut line is removed the subgraph becomes disconnected; here they are of 
course lines with the large masses). By definition M.^^ is again factorized and 
the Taylor expansion of the IPI components of 70 is performed as in the case 
of c-components 7^, i = 1,2, 

It suffices now to describe the action of the operator M. on the cut lines. Let 
I be such a line, with a large mass Mj, and let its momentum be Pi + ki where 
Pi is a linear combination of the large external momenta and ki is a linear 
combination of the loop momenta and small external momenta. If Pi = Qi 



then the operator Ai for this component of 7 is 7^- 



•^.kfT2Qjr, .(We user 

' K=l 

to denote the operator of Taylor expansion at zero values of the correspond- 
ing variables.) In all other cases, e.g. when P; = 0, or it is a sum of two or 
more external momenta, the Taylor operator M. reduces to ordinary Taylor 
expansion in small (with respect to this line considered as a subgraph) exter- 



nal momenta, i.e. T; . ^ 



(Kki+Pif-M'i 



Note that in all cases apart from the 



cut lines with Pf — Mj the action of the corresponding operator M. is graph- 
ically described (as for the off-shell limit) by contraction of the corresponding 
subgraph to a point and insertion of the resulting polynomial into the reduced 
vertex of the reduced graph. 

The formula (1) was illustrated in [8] through a one-loop example and ap- 
plied in [9] to calculation of the master two-loop diagram shown in Fig. la 
(where thick (thin) lines correspond to the mass M (m) and the external 
momentum is at = M^). There are four subgraphs, Fig. l(a-d), that con- 
tribute to the general formula. For example, the action of the operator Ai^y 
for 7 =Fig. Id on the given Feynman integral 



// 



d^w^; (2) 



(A;2 - m2)(/2 - m2)(A;2 + 2Qk) [{k + If + 2Q{k + I)] {P + 2QI) ' 




reduces to Taylor expansion of the last three factors in the integrand, resp., 
in /c^, {k + ly, and P. Each term of the corresponding asymptotic expansion 
happens to be analytically computable — see details and results in [9] . 

Note that similar results for a simpler propagator-type 2-loop diagram in 
the same limit were obtained and applied in ref. [10]. Further applications of 
the presented explicit asymptotic expansions can be found in refs. [11]. 



ASYMPTOTIC EXPANSION IN THE SUDAKOV 

LIMIT 

One of possible versions of the Sudakov limit is formulated as the behaviour 
of a three-point Feynman diagram Fr{pi,P2,'m,) depending on two momenta, 
Pi and p2, on the massless mass shell, pj = 0, with = —Q'^ = (pi — ^2)^ — ^ 
—00. We suppose, for simplicity, that there is one small non-zero mass, m. 

To derive the simplest explicit formula for this limit, the previous strategy 
of constructing a remainder determined by an appropriate pre-subtraction 
operator and then applying Zimmermann identities can be used. Eventually, 
it takes an explicit form [8] similar to (1), with another operator A4^: 

2 

Fr(pi,P2,m,e) ^ ^M^Fr(pi,P2,m,e) . (3) 

7 

Here the sum runs over subgraphs 7 of F for which at least one of the following 
conditions holds: 

(z) In 7 there is a path between the end-points 1 and 3. (The end-points 
of the diagram are numerated according to the following order: pi,p2,q — 
Pi — P2-) The graph 7 obtained from 7 by identifying these end-points is IPI. 

(ii) Similar condition with 1^2. 

The pre-subtraction operator is now defined as a product Yij -M.^- of 
operators of Taylor expansion acting on IPI components and cut lines of the 
subgraph 7. Suppose that the above condition [i) holds and {ii) does not hold. 
Let 7j be a IPI component of 7 and let pi + khe one of its external momenta, 
where A; is a linear combination of the loop momenta. (We imply that the loop 
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momenta are chosen in such a way that pi flows through all 7^ and the corre- 
sponding cut lines). Let now be other independent external momenta of 7^. 
Then the operator A4 for this component is deflned as %:-{{pik)/(pip2))p2,q .,m- , 
where rrij are the masses of ■fj. In other words, it is the operator of Taylor 
expansion in q . and rrij at the origin and in k at the point k — '^^P2 (which 
depends on k itself). 

For the cut lines the same prescription is adopted. Upi + k is the momentum 

of the cut line, then the corresponding operator acts as ^^r^^i _^i\^2pik ■ 

both (i) and (ii) hold the corresponding operator performs Taylor expansion 
in the mass and the external momenta of subgraphs (apart from pi and P2). 

The formula (3) was illustrated in [8] through a one-loop example and ap- 
plied in [12] to calculation of the diagram shown in Fig. 2a in two cases: (a) 
mi = . . . = ms = 0, rriQ = m, and (b) mi = . . . = = 0, = rriQ = m. 

For example, in the latter case of the Feynman integral 



Fi{pi,p2,m,e) = j j 



(P - 2p^k){k'^ - 2p2k){k^ - m?) 



^ {P - 2pi/)(/2 - 2p2l)iik - If - m2) ' 

the subgraphs that give non-zero contributions to the general formula (3) 
are shown in Fig. 2a-f. The most complicated contribution comes from 
Fig. 2e and f, when the corresponding subtraction operator expand propa- 
gators 1/((A;2 - 2pik){P - 2pil)) (respectively, 1/((A;2 - 2p2k){P - 2p2l))) in 
Taylor series in k"^ and P. In ref. [12], all the terms at the leading power 
were analytically calculated, with the aid of Mellin-Barnes and a-parametric 
representations. Using the method of integration by parts within dimensional 
regularization [13] one can arrive at recurrence relations that provide all the 
relevant integrals contributing to an arbitrary power of the expansion. For 
example, here are results for the first four powers in the expansion of this 
diagram: 



~{Q'fFr{Q\m') " 1 In^t + !^ In^ ^ _ 6C(3) Int + ^< 



1/1,0 35, 2 29, 7r2, 153 1 97r2 
tMl8 6 36 9 36 108 ' ^ ^ ' 



where t = Q'^/m'^. 
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(e) (/) 

FIGURE 2. (a) A typical two-loop vertex diagram, (a)-(f) Subgraphs contributing to the 
asymptotic expansion of the diagram (a) in the Sudakov limit. 



Note that a typical feature of the off-shell explicit formulae is an interplay 
between ultraviolet and infrared divergences which appear in individual terms 
of the expansion but are mutually canceled, provided the initial Feynman 
integral is finite. It turns out that, for the Sudakov limit, one meets a more 
general interplay between ultraviolet, collinear and infrared divergences which, 
at first sight, seem to be of very different nature. In particular, in the case 
of the Feynman integral (4), which does not have divergences from the very 
beginning, individual terms of the corresponding asymptotic expansion involve 
all the three kinds of divergences resulting in poles up to with e = (4 — 
d)/2 parameter of dimensional regularization [14]. Namely, the contribution 
of Fig. 2a (as a subgraph) involves infrared and collinear divergences, the 
contribution of Fig. 2(e&f ) involves ultraviolet and collinear divergences, while 
other three contributions. Fig. 2b and Fig. 2(c&d) possess all kinds of the 
divergences. However these poles are successfully canceled in the sum and one 
obtains expansion (5) in the limit e ^ 0. 

Note that similar explicit formulae can be derived and applied for other 
versions of the Sudakov hmit, e.g. p} — w?, with = (pi — ^2)^ — —00. 
It is natural to expect that the presented possibility to obtain all powers 
and logarithms in two loops can be applied to extend well-known results on 
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asymptotic behaviour in the Sudakov hmit in QED and QCD [15]. 

Extensions of the presented methods and results to other typically 
Minkowskian limits and their applications will be reported elsewhere. 
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